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Preface

Over the period of time the GATE examination has
become more challenging due to increasing num-
ber of candidates. Though every candidate has
ability to succeed but competitive environment,

in-depth knowledge, quality guidance and good

source of study is required to achieve high level

B. Singh (Ex. IES)

goals.

The new edition of GATE 2024 Solved Papers : Mechanical Engineering has been
fully revised, updated and edited. The whole book has been divided into topicwise

sections.

At the beginning of each subject, analysis of previous papers are given to im-

prove the understanding of subject.

| have true desire to serve student community by way of providing good source
of study and quality guidance. | hope this book will be proved an important tool to
succeed in GATE examination. Any suggestions from the readers for the improve-

ment of this book are most welcome.

B. Singh (Ex. IES)

Chairman and Managing Director

MADE EASY Group



GATE-2024

Mechanical Engineering

CONTENTS
1. Engineering Mathematics...........ccoceererricnnninenenen 1-79
2. Engineering Mechanics .........ccccoceevvvncerniennenne. 80-134
3. Strength of Materials...........cocooevrvienneiinrinnene 135 - 200
4. Theory of Machings ........c.ccceevvvirininieneceninnens 201 - 286
5. Machine Design........ccccceverievicie e 287 - 321
6. Fluid Mechanics and Hydraulic Machines......... 322 - 400
1. Heat Transfer ... 401 - 460
8. Thermodynamics.........ccccevvervevenienenienenenenies 461 - 510
9. Power Plant Engineering........c.coceevvvrerenenennne. 511-538
10. IC ENQINES...ooveeeeeceeeec e 539 - 552
11. Refrigeration & Air-Conditioning .........c.ccccecvnee. 553 - 575
12. Manufacturing Engineering..........cccccoeevververennene 576 - 676
13. Industrial ENgineering ...........ccoevererecerenerenennes 677-730
14. General Ability ......cccoeveveveiece e, 731-788




UNIT
Engineering

Mathematics

CONTENTS

1. Linear Algebra 3

2. Calculus 16

3. VectorCalculus 31

4. Differential Equations 40

5.  ComplexVariables 50

6.  Probability and Statistics 57

7. Numerical Methods 67

8. Laplace Transforms & Fourier Series 75

9.  Partial Differential Equations 79



Engineering

Mathematics Sy llabus

Linear Algebra : Matrix algebra, systems of linear equations, eigenvalues and eigenvectors.

Calculus: Functions of single variable, limit, continuity and differentiability, mean value theorems, indeterminate forms;
evaluation of definite and improper integrals; double and triple integrals; partial derivatives, total derivative, Taylor series (in
one and two variables), maxima and minima, Fourier series; gradient, divergence and curl, vector identities, directional
derivatives, line, surface and volume integrals, applications of Gauss, Stokes and Green's theorems.

Differential equations: First order equations (linear and nonlinear); higher order linear differential equations with constant
coefficients; Euler-Cauchy equation; initial and boundary value problems; Laplace transforms; solutions of heat, wave and
Laplace's equations.

Complex variables: Analytic functions; Cauchy-Riemann equations; Cauchy’s integral theorem and integral formula; Taylor
and Laurent series.

Probability and Statistics: Definitions of probability, sampling theorems, conditional probability; mean, median, mode and
standard deviation; random variables, binomial, Poisson and normal distributions.

Numerical Methods: Numerical solutions of linear and non-linear algebraic equations; integration by trapezoidal and Simpson'’s
rules; single and multi-step methods for differential equations.

Analysis of Previous GATE Papers

Exam 1 Mark 2 Marks Total Exam 1 Mark 2 Marks Total
Year Ques. Ques. Marks Year Ques. Ques. Marks
2003 3 6 15 2015 Set-3 6 5 16
2004 3 5 13 2016 Set-1 5 4 13
2005 5 10 25 2016 Set-2 5 4 13
A0 & 8 20 2016 Set-3 5 4 13
2007 4 g 20 2017 Set-1 5 4 13
2008 6 9 24 2017 Set-2 4 4 12
2009 4 8 20 2018 Set-1 5 4 13
2010 5 3 11
2018 Set-2 5 4 13
2011 5 4 13
2019 Set-1 5 4 13
2012 5 5 15
2019 Set-2 5 4 13
2013 5 5 15
2014 Set-1 5 4 13 2020 Set-1 6 4 14
2014 Set-2 5 4 13 2020 Set-2 5 4 13
2014 Set-3 5 4 13 2021 Set-1 5 3 1
2014 Set-4 5 4 13 2021 Set-2 5 4 13
2015 Set-1 4 3 10 2022 Set-1 5 4 13
2015 Set-2 4 4 12 2022 Set-2 5 4 13
2023 5) 4 13




4 1
For the matrix [1 4} the eigen values are

(a) 3and -3 (b) -3 and -5
(c) 3and5 (d) 5and 0 [2003 : 1 M]

Consider the system of simultaneous equations
xX+2y+2z=6
2x+y+2z=06
x+y+z=5
This system has
(a) unigue solution
(c) no solution

(b) infinite number of solutions
(d) exactly two solutions

[2003 : 2 M]
The sum of the eigen values of the matrix given
below is
113
15 1
31 1
(@) 5 (b) 7
()9 (d) 18 [2004 : 1 M]

For which value of x will the matrix given below
become singular?

8 x O
4 0 2
12 6 0
(a) 4 (b) 6
© 8 (d) 12 [2004:2M]

A is a3 x 4 real matrix and Ax = B is an
inconsistent system of equations. The highest
possible rank of A is

(a1 (b) 2
(c) 3 (d) 4 [2005 : 1 M]
m Which one of the following is an eigenvector of
the matrix
5000
0 550
00 2 1
0O 0 3 1
1 0
-2 0
(@) 0 ®) 1,
0 0

Linear Algebra

1 1
(© 8 (d) 5 [2005 : 2 M]
-2

With a 1 unit change in b, what is the change in x
in the solution of the system of equations x + y = 2,
1.01x+099 y=b?
(a) zero
(c) 50 units

(b) 2 units
(d) 100 units
[2005 : 2 M]

m Let x denotes a real number. Find out the

INCORRECT statement.

(@) S ={x : x > 3} represents the set of all real
numbers greater than 3

(b) S ={x:x? <0} represents the empty set.

(c) S={x:xeA and x € B}represents the union of
set A and set B.

(d) S={x:a<x< b}represents the set of all real
numbers between aand b, where aand b are
real numbers.

[2006 : 1 M]

m Eigenvalues of a matrix S = |::23 §:| are5and 1.

What are the eigenvalues of the matrix S2 = SS?
(@) 1and 25 (b) 6and 4
(c) 5and 1 (d) 2and 10

[2006 : 2 M]

Match the items in columns | and 1.
Column |

Singular matrix

Non-square matrix

Real symmetric

Orthogonal matrix

Column Il

Determinant is not defined
Determinant is always one
Determinant is zero
Eigenvalues are always reall
Eigenvalues are not defined

»DOT

orwn =
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(a) P-3, Q-1, R-4, S-2 2x+3y= 4
(b) P-2, Q-3, R-4, S-1 x+y+z=4
(c) P-3, Q-2, R-5, S4 xX+2y—-z=a
(d) P-3, Q-4, R-2, S—1 [2006 : 2 M] (a) Anyrealnumber (b) 0
Multiplication of matrices E and Fis G. Matrices (© 1 (d) There is no such value
[2008 : 2 M]

Eand Gare

cos® -sine O 100
E=|sind cose OjlandG=|0 1 O
0 0 1 00 1
What is the matrix F?
[cose —sine O
(@) | sin® cose O
| O o 1
[ cos® cose 0
(b) | —cose sine O
| 0 0 1
[cose sine O
(c) |-sin6 cose O
| O o 1
[ sin6 —cose 0
(d) [cose sine O [2006 : 2 M]
| O 0 1

If a square matrix A is real and symmetric, then
the eigenvalues
(a) are always real
(b) are always real and positive
(c) are always real and non-negative
(d) occur in complex conjugate pairs
[2007 : 1 M]

The number of linearly independent eigenvectors

oo o

a
(©

(b) 1
(d) infinite  [2007 : 2 M]

has one eigenvalue equal

The matrix

—_ W

2
0
1

T O b

to 3. The sum of the other two eigenvalues is

(@ p (b) p—1
) p-2 (d) p-3 [2008: 1 M]

For what value of a, if any, will the following system
of equations in x, y and z have a solution?

y
The eigenvectors of the matrix [ } are written

0 2

1 1
in the form [a} and [b:| What is a + b?

[2008 : 2 M]

olw

For a matrix [M] =

, the transpose of the

X

olw ol

matrix is equal to the inverse of the matrix,
[M]" = [M]~'. The value of x is given by

4 3

(b) "5

4
d) =

5
One of the eigen vectors of the matrix A

s ol
o ol

4 1
©) {1} (d) {_1} [2010 : 2 M]

Eigenvalues of a real symmetric matrix are always
(a) positive (b) negative
(c) real (d) complex [2011 : 1 M]

Consider the following system of equations
2x; + x, + x5=0

[2009 : 1 M]

X, —x53=0
X, +x,=0
This system has
(@) aunigue solution
(b) no solution
(c) infinite number of solutions
(d)

d) five solutions [2011 : 2 M]
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For the matrix A= |:1 3} , ONE of the normalized

eigen vectors is given as

(@) (b)

(© [2012: 2 M]

C B IS B

N —
= I, I w '\"co
gL gle 2o

x+2y+z=4

2x+y+2z=5

x—-y+z=1

The system of algebraic given below has

(@) A unique solutionofx=1,y=1and z=1

(b) only the two solutions of (x =1, y=1, z=1)
and(x=2,y=1,2z=0)

(c) infinite number of solutions

(d) no feasible solution [2012: 2 M]

Choose the CORRECT set of functions, which are
linearly dependent.
(@) sin x, sin? x and cos? x
(b) cos x, sin x and tan x
(c) cos 2 x, sin?x and cos? x
(d cos 2x, sin x and cos x [2013 : 1 M]

The eigen values of a symmetric matrix are all
(a) complex with non-zero positive imaginary part
(b) complex with non-zero negative imaginary
part
(c) real
(d) pureimaginary [2013 : 1 M]

Given that the determinant of the matrix

= = =

(1 3 0
2 6 4] is-12, the determinant of the matrix
-1 0 2
[2 6 0
4 12 8 is
|2 0 4
(a) —96 (b) — 24
(c) 24 (d) 96 [2014 : 1 M, Set-1]

The matrix form of the linear system
a
at

ax _

i 3x — 5y and

=4x + 8yis

d |x _—3 -5][x
(a)ay_ﬁ 8 ||y
i X __3 8 1[x
®) Gy 4 5]y
d |x _—4 -5][x
(C)Ey__S 8 ||y
d |x (4 8 [x
(d) E{y}= 3 _5 {y} [2014 : 1 M, Set-1]

One of the eigenvectors of matrix [:g ﬂ is
-1 -2
@ 1 4 ©) 1g
2 1
© 1 (@ 1

[2014 : 1 M, Set-2]

Consider a 3 x 3 real symmetric matrix S such
that two of its eigenvalues are a = 0, b # 0 with

XY

respective eigenvectors | Xo |, | Y2 |. If a# bthen
X3 Y3

X, Yy + X, + X5V, €quals

(@) a (b) b

(c) ab (d) 0 [2014 : 1 M, Set-3]

Which one of the following equations is a correct
identity for arbitrary 3 x 3 real matrices P, Q and
R?
a) P(Q+ R) =PQ+ RP
b) (P- Q)2 =P? —2PQ + Q2
c) det (P+ Q) =det P+ det Q
d)(P+Q2=P2 +PQ+ QP+ Q@2
[2014 : 1 M, Set-4]

(
(
(
(

478
If any two columns of a determinant P = 3 ; 2

are interchanged, which one of the following

statements regarding the value of the determinant

is CORRECT?

(a) Absolute value remains unchanged but sign
will change

(b) Both absolute value and sign will change

(c) Absolute value will change but sign will not
change

(d) Both absolute value and sign will remain
unchanged [2015: 1 M, Set-1]
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At least one eigenvalue of a singular matrix is
(a) positive (b) zero
(c) negative (d) imaginary

[2015: 1 M, Set-3]

The lowest eigenvalue of the 2 x 2 matrix [:’ 5]

is
[2015: 1 M, Set-3]
For given matrix P = avsi where
i 4-3i

i =+/-1, the inverse of matrix Pis

1[4-3i i i 4-i
A 22l assi| © 25lasa -

(C)ifH—Si —{ (d)ifH_Sl —1'
241 4-3j 25]i 4-3i
[2015 : 2 M, Set-3]
The solution to the system of equations is

[—24 ﬂ[ﬂ i [—io}

(@) 6,2
(c) -6, -2

(b) -6, 2
(d) 6, - 2
[2016 : 1 M, Set-1]

The condition for which the eigenvalues of the

. 2 1
matrix A = 1k

@ k>

are positive, is

(b) k>-2

’
(d) k<—§

[2016 : 1 M, Set-2]

A real square matrix A is called skew-symmetric
if

() k>0

(b) AT= AT
(d) AT=A+ A
[2016 : 1 M, Set-3]
The number of linearly independent eigenvectors
2 10
of matrix A=|0 2 O0]is
0 0 3
[2016 : 2 M, Set-3]

The product of eigenvalues of the matrix Pis
2 0 1
P={4 -3 3
0o 2 -

GATE Previous Years Solved Papers: [[lI3 | MADEEASY
(@) -6 (b) 2
(c) 6 (d)-2

[2017 : 1 M, Set-1]

1 o L
2 J2
ConsiderthematrixP: O 1 0
-1 5 L
V2 V2

Which one of the following statements about P
is INCORRECT?
(a) Determinant of Pis equal to 1.
(b) Pis orthogonal.
(c) Inverse of Pis equal to its transpose.
(d) All eigenvalues of Pare real numbers.
[2017 : 2 M, Set-1]

The determinant of a 2 x 2 matrix is 50. If one
eigenvalue of the matrix is 10, the other eigen
value is

[2017 : 1 M, Set-2]

50 70
Consider the matrix A = 70 80 whose

eigenvectors corresponding to eigenvalues A, and

70 Ao, =80
A, are x, = A — 50 and x, = 70 ,

respectively. The value of x]x,is .
[2017 : 2 M, Set-2

-4 1 -
The rank of the matrix -1 -1 is
7 -3 1
(a) 1 (b) 2
(c) 3 (d) 4

[2018 : 1 M, Set-1]
3
5| then det(A™) is

12
R fA=|0 4

0 0 1
(correct to two decimal places).

[2018 : 1 M, Set-2]
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Consider the matrix

110
P 011
0 0 1
The number of distinct eigen values of P is
(@ 2 (b) O
(c) 1 (d) 3 [2019: 1 M, Set-1]

The set of equations
x+y+z=1
ax—ay+3z=5
5x-3y+az=6
has infinite solution if a =
(@) —4 (b)-3
(c) 3 (d) 4 [2019:2 M, Set-1]

In matrix equation [A]{ X} = {R}

4 8 4 2 32
[A]=|8 16 -4 ,{X}: 1t and {R} =716
4 -4 15 4 64
One of the eigen values of Matrix [A] is
(a) 4 (b) 15
(c) 8 (d) 16

[2019 : 1 M, Set-2]

Multiplication of real valued square matrices of
same dimension is
(a) not always possible to compute

(b) associative
(c) always positive definite
(d) commutative [2020 : 1 M, Set-1]

A matrix Pis decomposed into its symmetric part
S and skew symmetric part V. If

-4 4 2 O -2 3
S=|14 3 7/2f V=2 0 7/2

2 72 2 -3 -7/2 0
then matrix P is

-2 9/2 -1 -4 6 -1
(@ | -1 81/4 11 by |2 3 0

-2 45/2 73/4 5 7 2

-4 2 5 4 -6 1
|6 37 @ |2 30

10 2 -5 -7 -2

[2020 : 1 M, Set-2]

Let I be a 100 dimensional identity matrix and E
be the set of its distinct (no value appears more

than once in E) real eigenvalues. The number of
elements in E is
[2020 : 1 M, Set-2]
Consider an nx n matrix A and a non-zero nx 1
vector p. Their product Ap = o2p, where o € R
andag {—1,0, 1}. Based on the given information,
the eigen value of A2 is:

@ Jo (b) 02
(€) o (d) o*
[2021 : 1 M, Set-2]

Let the superscript T represent the transpose
operation. Consider the function

f(x)=%xTQx—rTx, where x and r are n x 1

vectors and Q is a symmetric n x n matrix. The
stationary point of f(x) is

(&) (b) QTr
rr

(©) Q'r (d) r[2021 : 2 M, Set-2]

Consider a vector p in 2-dimensional space. Let
its direction (counter-clockwise angle with the
positive x-axis) be 0. Let p be an eigen vector of
a 2 x 2 matrix A with corresponding eigen value A,
A > 0. If we denote the magnitude of a vector vby
llvil, identify the VALID statement regarding p’,
where p” = Ap.

(a) Direction of p’=6,[p’| = A ||
(b) Direction of p’= 26,0’ = ||
(c) Direction of p’= 6,0’ = |||/ *
(d) Direction of p’=26,[0’| = A ||
[2021 : 2 M, Set-1]

If A= [ 10 2k 5:| is a symmetric matrix, the
3k-3 k+5
value of kis
(@) 8 (o) 5
(c) -0.4 () 101 112561

[2022 : 1 M, Set-1]
The system of linear equations in real (x, y) given

involves a real parameter oo and has infinitely
many non-trivial solutions for special value(s) of
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o.. Which one or more among the following options
is/are non-trivial solution(s) of (x, y) for such special
value(s) of a?

(@ x=2, y=-2
c)x=1, y=1

by x=-1, y=4
(dx=4 y=-2
[2022 : 2 M, Set-1]

Ais a 3 x 5 real matrix of rank 2. For the set of

homogeneous equations Ax = 0, where O is a zero

vector and x is a vector of unknown variables,

which of the following is/are true?

(a) The given set of equations will have a unique
solution.

(b) The given set of equations will be satisfied by
a zero vector of appropriate size.

(c) The given set of equations will have infinitely
many solutions.

(d) The given set of equations will have many but
a finite number of solutions.

[2022 : 2 M, Set-2]

m Linear Algebra

1.1
1.9
1.17
1.25
1.33

1.41

1.49
1.57

(c) 1.2 (0 1.3 (b) 1.4 (9
(@) 1.10 (@ 1.11 (o0 1.12 (9
(@) 1.18 (9 1.19 (o) 1.20 (o)
(a) 1.26 (a) 1.27 (d) 1.28 (d)
(a) 1.34 (d) 1.35 (a) 1.36 (o)
(0) 1.42 (b) 1.43 (% ) 1.44 (o)
(1) 1.50 (d) 1.51 (o) 1.52 (a)
(18.84)

Linear Algebra

1.1

()

=[]

Now |A-arl =0

where A = eigenvalue
4-A 1
‘ 1 4—x‘ =0

(4-1)2-1=0

or, (4-A1)°2- (12 =0

ohL(4-A+1)(4-1-1)=0

or, B-AM)B-A)=0

g A=3,5

1.5

1.13
1.21
1.29
1.37

1.45

1.53

1.2

If the sum and product of eigen values of a 2 x 2

3
matrix [p 5} are 4 and -1 respectively, then ||
is (in integer).
[2022 : 2 M, Set-2]
A linear transformation maps a point (x, y) in the
plane to the point (%,) according to the rule

=8y, y =22
Then, the disc x2 +y? < 1 gets transformed to a

region with an area equal to . (Rounded off
to two decimals)
User=23.14.
[2023 : 1 M]
EEEE
(b) 1.6 (a9 1.7 () 1.8 (o
(c) 1.14 (c) 1.15 (b) 1.16 (b)
(b) 1.22 (c) 1.23 (¢) 1.24 (o)
(d) 1.30 (a) 1.31 (b)) 1.32 (2
2 1.38 (b) 1.39 (d) 1.40 (5
(d) 1.46 (d) 1.47 (b) 1.48 (o)
(a) 1.54 (a,b) 1.55 (b,c)1.56 (2)

(c)
Given equation are
X+2y+27z=06
2x+ y+2z=06
xX+y+z=5
Given system can be written as
12 1|« 6
2 1 2{ly| =16
11 1]z 5
Applying row operation
R, — R,-2R,, Ry = R; - R,
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1T 2 1||x 6 19 (a)
0 -3 Ofly|=1|-56 If A, Ay, Ay ... A, are the eigen values of A. Then
0 -1 0|z -1 the eigen values of
and applying R; —» 3R; - R, Amare M AT AT
1 2 1][x] [6 = S?are S|, S5, 55....
0 -3 0lly|=|-6 S matrix has eigen values 1 and S.
, 0 0 0Offz] [3] =  S2matrix has eigen values 12 and S2
Since the rank of coefficient matrix is 2 and rank .
- . i.e.1 and 25
of argument matrix is 3, which are not equal. Hence
system has no solution. 111 (¢
1.3 (b) [cos® -sine O
Sum of eigen values of given matrix E=|sine cosd O
= sum of diagonal elementof given matrix 0 0 1
=1+5+1=7 ’1 O O
14
(@) and G=10 10
8 x 0 0 0 1
For singularity of matrix = |4 0 2/ =0 The according to problem
12 6 0 ExF=G
=8(0-12)-x(0-2x12)=0 cos® sine O 100
: x=4 or|-sin@ cose O|xF=(0 10
1.5 (b) 0 0o 1 00 1
Hence we see that product of (Ex F) is unit matrix
C=1[A: Bly,s so Fwill be the inverse of E.
PlCs 5] = min {3, 5} cose sine 0
& . The system is inconsistent F=F"'= |_sine cos® O
p(A) <p(C) 0 0 1
p(A) <3
Hence maximum possible rank of 112 (a)
A=2 The eigen values of any real and symmetric matrix
16 (a) are always real.
Eigen vector is an independent vector. Here in 113 (0
option alast two terms are zero. Hence only this
option is correct. = [ :|
17 () |A- M| =0
Given x+y=2 ..(0) |:2 A } -0
1.01x+ 099 y= b (i) 0 "
Multiply 0.99 is equation (i), and substract from z 7» - 2
equation (ii); we get No. of linearly independent eigen vectors
(1.01-0.99)x = b-2x0.99 = No. of distinct eigen values
0.02x = b—1.98
1.14 (c)
0.02 Ax = Ab

1 .
Ax = —— = n
X 0.02 50 unit

Sum of the eigen values of matrix is
= sum of diagonal values present in the matrix
“1+0+p=3+2A, +A,
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1.16

=p+1=3+A,+A,
SA+A=p+1-3=p-2

(b)
Augmented matrix is
28 0140 L hon,
{ 2 _1 Ry — Ry — R,
(0 1 2|4
~11 11 |4 R,— R;—A;
|0 1 -2|a-4
0 00 |-a
~11 1 1 |4
01 2|a-4

will have solution if a = 0
as Rank A = Rank (aug. A)

(b)

‘(1-x) 2 ‘—o

0 (2-2)

= (1-A)@2-A) =0
A= 1,2
Putting the value of A = 1

- [0 T -

= a=>0
putting the value of A = 2

-1 2][1
=0
o olls)
1
b= -
= 2
a+b = il
2
(a)
|f AT = A1

then Ais orthogonal matrix.
Therefore AAT=ATA=1
and ATA=AAT=1

Since M is orthogonal matrix

MM = 1
S 24 1o
5 55:[}
4 3 3| 01
430, 3
5 5 5
HRER.
| \s 55)5

1.19

1.20

o]

= Compare both sides a,,

- Q) -

(a)

2 2

o= [ ]

Characteristic equation of Ais
2-L 2

1 3-A

2-1)(B-2)-2

A -BL+ 4

A =

[
400 o

4
The eigen value problemis [A-Al]x =0
2-1 2 [x] [o]
|: 1 3-A][x] 10|
Putting A = 1
1 2][x] [0]

[1 21| x,

x +2x, =0 (D)
x +2x, =0 .. (i)
Solution is x, = k, x, = -2k

i.e. Xy ix, =-2:1
2

_1:| is in same ratio of x, to x,.

Since, choice (A) [

.. Choice (A) is an eigen vector.

(c)
Eigen values of symmetric matrix are always real.

(c)
The Augmented matrix

21 110
[A|B]=]0 1 -1]|0
1100
Performing gauss elimination on [A| B] we get
21 110] L oy Ll
01 -1/0|—2 .
11 0]0 0 > 0
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o lh 2 1 110 -1 3][x _[o
2% ,10 1 1|0 1 =3||x| o
00 0]0 Which gives the equation

1.21

Rank (A) =Rank (A|B)=2< 3
So infinite number of solutions are obtained.

(b)
A [5 3:|
13

Characteristic equation is

5-2 3
‘ 1 3-a] =0
5-A)B-A)-3=0
AM-8L+12=0
A=2,6
Now, to find eigen vectors:
[A-Mx =0
Which is
5-1 3 |[x] B [0]
[ 1 3-A][x] 0]
Put A = 2 in above equation and we get
3 3][x] B [0]
[1 1|x]| L0}
Which gives us the equation,
3x; +3x,=0
and x, +x,=0
Which is only one equation,
x;+x,=0

Whose solution is
X4 -k
[xz} ) [ k}
So one eigen vector is %, = [_ﬂ

Which after normalization is = |x—1|
X4
1
L[4[
(—k? + (k) L K 1
J2

The other eigen vector is obtained by putting the
other eigen value
A =6 in eigen value problem

ol L)

Which gives,

1.22

1.23

1.24

—x; +3x,=0
and x,—3x,=0
Which is only one equation

—x; +3x,=0
Whose solution is

~ [ X1:| F3k:|
x2 = =
Xo L k

Which after normalization is

X 1 [3/(_ _ [3/2:|
|)%2| ((3/02 +k2) K 1/2

1

Choice (b) \/15 is the only correct choice,

V2

since itis a constant multiple of one the normalized

vectors which is x;.

(c)

The given system is
x+2y+z =4
2x+y+2z =5
x—y+z=1
Use Gauss elimination method as follows:
Augmented matrix is

(1 2 1|4
[AIBl=|, 1 55| _R-2m
RaRy
[1 -1 11
(1 2 1| 4 1 2 1] 4
0 -3 0|-3|—f="% 4o -3 0|-3
[0 -3 0|-3 0 0 0|0
Rank (A) = 2
Rank (AB) = 2

So rank (A) = Rank (AB) =2
System is consistent
Now system rank r = 2
Number of variablesn =3
r<n
So we have infinite number of solutions.

(c)

We know cos 2x = cos2x — sin%x
.. option (c) is correct.

(c)

(i) The Eigen values of symmetric matrix
[AT = A] are purely real.



12 |

GATE Previous Years Solved Papers : [JI3

| MADE EASY

1.25

1.26

1.27

(i) The Eigen value of skew-symmetric matrix
[AT = -A] are either purely imaginary or zeros.

(a)
Let D = -12 for the given matrix

2 6 0 130
Al=[4 12 8=@2°|2 6 4
2 0 4 10 2

(Taking 2 common from each row)
~Det(A) = (23x D

=8x-12=-96
(a)
ﬂ—3 5
ar T
ay
i = 4x + 8y
d |x 3 -5||x 3x -5y
at|ly| =14 8 ||yl = [4x +8y
(d)
The characteristic equation |1A—All =0
' -5-1 2
-e. 9 6-2] =0
or (A—6)(A+5)+18 =0
o A2-6A+5L-30+18 =0
or AM-A-12=0
+4/ 1£7
or?»:L 12+48 =5 =4,-3

Corresponding to A = 4, we have

-5-1 2 X
[A-MI]x = 9 6-1ly

=0

a5 o]0

which gives only one independent equation,
-9 +2y=0

%= é gives eigen vector (2, 9)
Corresponding to A = — 3,
-2 2|[x
= = O
o]
which gives — x + y = O (only one independent
equation)

which gives (1,1)

_L|b<

2 1
So, the eigen vectors are {9} and {1} .

1.28

1.29

1.30

1.31

1.32

133

(d)

3 x 3 real symmetric matrix such that two of its
eigen value are a# 0 b # 0 with respective eigen

XY

vectors |*2| | V2| if a= b then
X3 ] | V3
Xy, + x,¥, + x5y, = 0 because they are

orthogonal.

x'y = 0  (since a#b)
Y
[xy X, x3] |¥o]| = O
Y3
XY+ XY, +xg)s = 0

(d)

P2 + PQ+QP + Q?
PP+PQ+QP+QQ
= P2+ PQ+ QP+ Q?

(P+ Q)?

(@)

Property of determinant : If any two row or column are
interchanged, then magnitude of determinant remains
same but sign changes.

(b)

For singular matrix
|Al =0
According to properties of eigen value
Product of eigen values = |A] =0
= Atleast one of the eigen value is zero.

Sol.
4 2
A i )
|[A-A| =0
4 2
[1 3_k}=(4—xms—m—2=o
(A-4)(A-32=0
A-7L+10=0
= A=052

Minimum value = 2

4+ 3i —i
p= i 4-3i

[4—31’ —(—1):|
—i  4+3i 1[4—3;’ i:|

A T 24| —i 4+3i
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1.34

135

1.36

1.37

(d)

[2 5][x 2
bR MR
[2 5 2
-4 3 —30:|
R, + 2R,
[2 5 2
|0 13 —26:|
13y = -26
or y=-2
2x + 5y =2
2x+5(-2) =2
2x=2+10=12
or x=6

(a)

2 1
All Eigen values of A = [1 k:| are positive

2>0
- 2 x 2 leading minor must be greater than zero
2 1
1 k>0

2k—-1>0
2k > 1
y

k>§

(c)
Ais skew-symmetric
AT=-A
Sol.
2-1 1 0
Consider A-AM=| O
0 0

Ch. equationis IA-AIl =0
2-M2-A)@B-1)=0

A=2,2,3
A =3 thereisone L.l. Eigen vector
A=2 Consider(A-2N)x=0
rank =2 The equation are x, = 0

No. of variables = 3 x3=0
Let x, = k be independent.
k 1
Eigen vectoris |0|= k|0
0 0

Only one independent Eigen vector in the case of
A=2
Hence finally no. of L.I. Eigen vectors = 2

1.38 (b)

Product of Eigen value = determinant value
=2(3-6)+1(8-0)
=2(-3)+8=-6+8=2

1.39 (d)

Explanations: The Eigen values of an orthogonal
matrix are of magnitude 1 and are real (a) complex

conjugate pairs.

1.40 Sol.

The product of eigen value is always equal to

the determinant value of the matrix.

A =10 A, = unknown
A A, =50
10 (M) = 50
i AL=5
1.41 Sol.
50 70
A= [70 80}
Eigen values of A are A, A,
A, + Ay = 130
A, = — 900
‘ 70 A, —80
Given that X, = [7\1—50] X5 = [ 70
X, X, = [70 A, - 50] [k2_8o}
1 2 1 70

= 70 A, - 5600 + 70 A, — 3500
= 70 (A, + A,) - 9100 = 70 (130) - 9100
= 9100 - 9100 = 0

142 (b)
4 1 -
-1 -1 -1
7 -3 1
[—1 -1 -1
R,«——R, —4 1A
(7 -3 1
(-1 -1 -1
R,—4R, Ry +7R, |90 ° 3
|0 -10 -6
(-1 -1 -1
0O 5 3
R, + 2R,
7% |o o o
No. of non zero rows = 2

rank = 2

|Al =50
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1.43 Sol. 1.46 (d)
123 (4 8 41][2
A=a|0 4 5 [Allx) = |8 16 4|1
0 0 1 |4 -4 15]|4
|A| =4 [32 2]
A 1 1 = |16 |=16[1|=16{x}
| ‘ T A4 64 4
So, one of the eigen value is 16.
144 (c)
110 1.47 (b)
A=lo 1 1 Matrix multiplication is associative.
0 0 1 148 (c)
Since given matrix is U.T.M. pipl
So, diagonal elements are the eigen values. S= >
Hence, A = 1, 1, 1. So matrix has only one T
. . . P-P
distinct eigen value i.e. V= 5
145 (d) -4 2 5
Given system is non-homogeneous system P=S+V=|(6 37
when augmented matrix -1 0 2
b l ! 149 Sol
c=lalB] = |a -a 315 290k
5 -3 a|6 Th0o . 1
R, + aand R, — R, - 5R, Eigen values of I — =
T 1 ! 1 Set of distributed eigen value E = {1}
c=|1 -1 3/aida Number of elements in E = 1
|
0 -8 a-5; 1 1.50 (d)
R, - R, - Ry, | Given, AP = o?P
T 1 ! 1 By comparison with AX = AX
c=|o -2 2-112_; = A= _
a 1a Hence, eigen value of A is o2, so eigen value of
0 -8 a-5] 1 A?is ot
Ry = Ry - 4R, 151 (c)
i |
T 1 ! 1 For n= 2, matrix are
0 -2 §_1 : §_1 a c x I
SRk o-fs L)~
12 1. 20 © 2 2
O O a___1 | 5__ 1 a C x1 x1
; a 2 Fx) = 5l x2] ~[r 1]
This system will have infinitely many solution 2 c b]lx X2
ly.
ony = l|:ezx12 +bxs + 20x1x2:| —[rx; + x5 |
12 20 2
If 3—2—1:Oand 5—220 1,01,
P 3’ 4 and a=4 I.e. F(.x1, x2) = Ea)ﬁ +§b)€2 +CX1)C2 —f1x1 —f2x2
for a = 4, the system has infinite many . o of ﬁ_o
solution. Now, for critical point, a—x1 =0and o, =

= ax;+0cx,-r=0





